The locomotion of flagellated bacteria in viscous fluid provides the blueprint for a number of micro-scale engineering applications. The elasticities of both the hook protein (connecting cell body and flagellum) and the flagella themselves play a key role in determining the stability of locomotion. We use a coarse-grained discretization of elastic flagella connected to a rigid cell body to examine trajectories and flow fields for freely-swimming uni-and multiflagellar bacteria. For a uniflagellar swimmer, we indeed find that hook and/or flagellar buckling occurs above a critical flexibility relative to the torque exerted by the flagellar motor and map out the stability regime in parameter space. Addition of a second flagellum greatly expands the regime of stable locomotion.
I. INTRODUCTION
A flagellated bacterium swims through viscous fluid by rotating its flagellum or flagella to generate propulsion on its body. The bacterial flagellum is a helical elastic filament connected to an embedded motor in the cell wall via a small elastic hook. A vast array of flagellar morphologies exists amongst different organisms, and studies have directly tied this morphology to locomotion [1, 2] .
Most bacteria (>90%) are monotrichous or uniflagellar, consisting of only one cell body with one attached flagellum [3] , e.g. Vibrio alginolyticus, Rhodobacter sphaeroides, and Caulobacter crescentus [1] . Despite their simplicity, uniflagellar locomotion exhibits both normal (straight) trajectories and complex trajectories because these swimmers are able to exploit elastic instabilities in the hook and filament [2, 4] . Hook buckling leads to misalignment between cell body and flagellum resulting in complex trajectories. For instance, Son et al. attribute elastic hook buckling to "flicks" signifying reorientation in V. alginolyticus trajectories -this reorientation ability is crucial to chemotaxis, obtaining nutrients, etc. [4] .
Hook buckling is also attributed to the helical trajectories observed for C. crescentus [5] .
While an elastic flagellum can also buckle [6] , this feature does not seem to be observed in normal bacterial locomotion [2] . Rather, flagellar elasticity is associated with polymorphic phase transformations in a flagellum. For example, in Shewanella putrefaciens, this transformation helps the flagellum wrap around the cell body to escape confinement via a corkscrew motion [7] .
As for multiflagellar bacteria, the peritrichous morphology is quite common, where many flagella are attached at random points on the body surface. These peritrichous swimmers have different swimming mechanisms than the monotrichous ones. For instance, in the classic run and tumble example of E. coli, the elastic flagella bundle to swim straight and unbundle to change direction [8, 9] . Flagellar bundling is a common phenomenon across peritrichous organisms, and is exhibited in other species such as Bascillus subtilis and Salmonella typhimurium [10] . These swimmers require very high hook compliance, much more so than the uniflagellar swimmers, to allow flagellar reorientation around the cell body [9] . Flagellar elasticity is especially important in order for flagella to interact and entangle to form bundles and generate thrust. However, multiflagellar swimmers do not necessarily swim faster than their uniflagellar counterparts, and thus these swimmers likely utilize their flagella for other purposes [9] .
Numerous swimmer models have been developed to characterize locomotion. Nguyen et al. devised a linked-rigid-body swimmer consisting of rigid body and flagellum connected by a torsion spring representing the elastic hook [11] . Their results showed that hook buckling delineated straight and helical swimming, and were comparable to a similar model utilizing full hook elastic dynamics [12] . However, to consider effects of flagellar elasticity on locomotion, models utilizing a flagellar discretization are required: e.g. spherical beads and springs [13, 14] , rods connected by torsion springs [15] . In particular, the formulation of Ref. [13] has been adapted to better represent flagellar shape [7, [16] [17] [18] , and we use a similar methodology in this paper. Simulations of a single anchored flagellum have shown that a flagellum buckles under high torque, signalling a limit on the flagellar thrust [6, 17] . Though buckling is expected for general elastic filaments, it is not seen for the range of motor torques and elastic moduli typical of real bacteria [2] . As for simulations of multiple flagella, flagellar bundling occurs across different model formulations [14] [15] [16] . In nearby anchored flexible flagella, bundling is driven by hydrodynamic interactions, a result not seen for rigid flagella [15, 19] . Of particular interest are models of active swimmers with elastic flagella as in Ref. [16] , where the authors showed that body rotation is sufficient for bundling of mulitple flagella and steady swimming.
In this paper, we develop a general model describing a rigid spherical cell body with discretized elastic flagella, each attached to the body via a flexible hook. We prescribe hook and flagellar flexibilities independently. First, we verify that a uniflagellar swimmer undergoes straight swimming in the limit of low flexibility. We then vary both flexibility parameters to establish trajectories outside of straight swimming, highlighting the effects of hook and flagellar buckling. We then attach a second flagellum to determine subsequent changes in the stability of straight swimming, finding a quite dramatic effect. Finally we look at how even higher flagellar multiplicities affect straight swimming, with a particular focus on the effect of flagellar arrangement on the body surface. 
II. MODEL AND DISCRETIZATION

A. Physical description
Our model swimmer, depicted in Fig. 1 , consists of a rigid spherical cell body of radius R b connected to one or more right-handed flagella each via a flexible hook of length L h , following Nguyen et al. [11] . Each flagellum is a plain, inextensible, elastic helix with uniform parameters across all flagella. The equilibrium helix geometry is described by radius R, pitch λ, end-to-end length L and filament radius a. The elasticity of the flagella and hooks are described by flexural rigidities K B and K Bh , respectively. During swimming, motors embedded within the body surface exert torques of constant magnitude T on the hooks, which in turn transmit these torques to their respective flagella.
Were the flagellum simply an Euler beam of length L (with fixed ends under simultaneous compression and torsion loads), the critical buckling torque would be 2πK B /L (with critical force π 2 K B /L 2 ) as in Ref. [20] . Motivated by this observation, we characterize the flexibility of the flagella and hook by dimensionless flexibility numbers Fl and Fl h , defined as
We note that Ref. [17] describes an analysis of the bending elasticity of a helical filament that provides a geometry-dependent correction to the simple estimate K B .
For a bacterial flagellum, K B is typically between 1-10 pN µm 2 [4, 6] , T between 1-3 pN µm [9] , and L between 3-10 µm [21] . This translates to Fl between 0.3 and 30, in our results below we consider Fl up to 5. Bacterial hooks are typically about 100 nm, though elastic data shows wider variability. For instance, in uniflagellar V. alginolyticus, the magnitude of K Bh may transiently vary between 0.01 to 0.1 pN µm 2 depending on its state of motion [4] . For a multiflagellar swimmer like E. coli, available measurements show K Bh is almost negligible, on the order of 10 −4 pN µm 2 [4] . From this data, Fl h can range from 1 to 1000;
we consider the regime Fl h ≤ 4 in our simulations.
B. Discretization
The cell body is a rigid sphere with center of mass position x b and orientation q b , a unit quaternion (whose components are Euler parameters). Initially, we align the body orientation with the laboratory frame so that q b = [1 0 0 0] T . We select anchor points on the body surface where at each point we attach a hook and flagellum.
Each flagellum is discretized into N − 1 connected straight rods (radius a) which we call edges. The edge connected to the body at the anchor point is the hook of length L h . The hook defines the flagellar axis and is initialized normal to the body surface. The remaining edges are flagellar segments each of length l, constituting a plain helix directly attached to the hook. The points connecting each edge, including endpoints, are called nodes. Thus, each flagellum has N nodes x i with i ∈ [0, N − 1]. A schematic is shown in Fig. 1(b) .
Node 0 denotes the anchor point attached to the body surface. For the edge i between nodes i − 1 and i, we assign a local orthonormal coordinate system or triad {e is exactly the edge defined by:
Note that e external dynamics attributed to elasticity (el), steric interactions (ster), application of motor torque (mot), and constraints (C).
As we will be discussing body and flagella simultaneously in the remainder of this section, we note that subscript k = b refers to the body and k = i refers to the ith flagellar segment.
The following sections present each force and torque contribution to the above balances.
A. Hydrodynamics
Each node on a flagellum has velocity v i and each edge (with its corresponding triad) rotates with angular velocity ω i . As a node moves, the surrounding fluid exerts a Stokes law drag force on it. This drag force F 
where ζ i is an anisotropic friction coefficient for a slender rigid rod of aspect ratio l/a:
and ζ ⊥ and ζ are the scalar normal and tangential friction coefficients, found in Ref. [21] .
We take the axis of the rod at node i to be oriented with the average orientation of edges i and i + 1:
). Using the Stokes drag for a rod rather than a sphere at each node automatically incorporates the anisotropy of drag that leads to flagellar locomotion and allows for a coarser discretization than would be necessary if we had used spheres [15] .
We neglect rotlets so that the rotational drag is simply
Here ζ r i = 4πηa 2 l is the drag on a rod rotating on its long axis.
The velocity field v f i,∞ in Eq. 8 arises from the hydrodynamic interactions between the flagella. To compute this field, we treat each node as a regularized point force acting on the fluid, as illustrated in Fig. 1(c) . The flagellar flow field v f i,∞ experienced by node i is obtained by summing the flows induced by all other flagellar nodes:
The tensor S ξ is the regularized Stokeslet defined in Appendix A, and F j = −F D j is the force exerted on the fluid by flagellar node j. 
where S is the standard Stokeslet tensor and R the rotlet tensor, both defined in Appendix The body moves with velocity v b and angular velocity ω b . We write the hydrodynamic force and torque on the sphere using Faxén's laws to account for body-flagella HI as in Ref. [22] :
Here ζ b = 6πηR b is the translational drag on a sphere. The flagellar flow v f ∞ is written generally for a point x anywhere in the fluid:
Derivatives of v f ∞ in Eqs. 13 & 14 are evaluated at the body center x b . In contrast to Eq. 11, all flagellar nodes are included in the summation in Eq. 15.
B. Elasticity
Having previously defined the discrete generalized curvatures Ω i and Ω i,eq , we use a discrete version of Kirchhoff's classical theory to write the elastic energy, E el , of each flagellum:
We write E el as the sum of hook and flagellum contributions. On a flagellum, we assume isotropic bending and that the discretized elements have the same resistance to bend and twist as in Refs. [16, 17] . We set θ 0,eq = 0 (straight hook at equilibrium) and assign no twist penalty to allow for free rotation and counter-rotation between body and flagella.
Derivatives of the elastic energy determine the elastic force on node i of flagellum m and elastic torque on edge i:
The separate treatment of forces and torques in this manner eases the calculation and implementation of twisting and bending deformations on the filament, as noted in Ref. [13] . We also note that these are the forces exerted by the filament on the fluid, and that the elastic torque is distributed entirely along the bond direction, e 3 i , with all elastic torques normal to e 3 i decomposed into forces on adjacent nodes.
The body is rigid so F el b = 0, but does experience an elastic moment due to the elastic forces acting at flagellar anchor points:
where the index 0 denotes an anchor point and the summation is over all flagella.
C. Steric repulsion
Following Ref. [16] , we introduce repulsive steric forces when flagellar nodes approach the body and/or other flagellar nodes too closely. A truncated Lennard-Jones potential is used:
where H is the heaviside step function, r s the point of closest approach between two components, σ the cut-off distance (under which steric interactions occur), and F s the repulsion strength. Following Ref. [16] , we set F s = 0.8 pN and set σ = 4a for numerical stability.
Our full steric calculations are described in Appendix B, again modeled after Ref. [16] .
D. Motor
In keeping with the propagation of motor torque around a bend presented in Nguyen et al. [11] , we write the motor torque on each flagellum as:
Note that the motor torque is only applied to the first segment (hook) of each flagellum.
When there is no hook bending, i.e. θ 0 = 0, we simply have
For the general case of a bent hook, we decompose T mot to a torque acting along the hook direction e 3 1 and forces acting on the adjacent nodes 0 and 1.
By Newton's third law, a corresponding counter-torque −T mot 1 is exerted on the body for each flagellum (leading to counter-rotation of the body):
E. Constraints
The formulation presented here involves a number of constraints: 1) q b remains a unit quaternion, 2) all flagellar anchors undergo rigid body motion, i.e. anchors follow body surface, 3) inextensibility of all flagellar segments. The corresponding equations [23] are, respectively, 
is a constant vector denoting the anchor point in the body-fixed frame of reference, and the conjugation operation q b x
0 to the laboratory frame. While the constraint forces and torques F C k and T C k may be obtained analytically through differentiation, it is simpler to calculate them numerically, as we describe in Appendix C.
F. Numerical methods and simulation
We first reduce the number of free parameters in our system using the scaling in Nguyen et al. [11] . Our characteristic values are presented in Table I . Note that our scaled time corresponds roughly to the translation of the swimmer by a body radius. We use Table I to scale our force and torque balances in Eqs. 6 and 7. We choose our standard swimmer
To run the simulation, we initialize the swimmer in its equilibrium state (E el = 0) with triads on each edge initialized as in Ref. [13] . At t = 0, torque is applied to each flagellum and we track the resulting motion. Our simulation algorithm is a combination of Fast Projection [24] and SHAKE-HI [25] , while adapting the rigid-body coupling in Ref. [23] . We use unconstrained dynamics to step forward in time and project until constraints are satisfied.
We include the full algorithm details and equations in Appendix C. The projection step accounts for all hydrodynamic interactions, and the constraints F As a check on the calculations we note that in the limit of low flexibilities our swimming simulations are comparable to resistive force theory (RFT) calculations -we do indeed find reasonable agreement and summarize the results in Appendix D.
IV. RESULTS
A. Uniflagellar swimming is not exactly zero (though still very small), as we show in the Fig. 3(b) inset, due to the generation of thrust normal to the helical axis, as noted in Ref. [11] .
In the remaining discussion, we use the linearity of the swimming trajectory, i.e. |x b | vs.
t, as the primary metric to evaluate stability. As we show in Fig. 2(a) , straight swimming is stable only in a small region of flexibility parameter space, and so we analyze swimming behavior close to the stability boundary and further away to understand how locomotion changes.
We next consider case "Uni-1," where Fl = 2.5 and Fl h = 1. We have increased Fl h by a factor of 5 from Uni-SS while maintaining a stiff flagellum. In the Fig. 2(b) (ii) snapshot and the blue body trajectory in Fig. 3(a) , we see that the swimmer moves linearly only for about 10 time units, advancing only a few body lengths before the trajectory turns and stalls. We also see flagellar curvature and obvious hook buckling, with θ 0 eventually oscillating around 0.8, as shown by the blue line in Fig. 3(b) . When the hook buckles, the flagellar axis bends out of alignment with the body, and we expect flagellar deformations if the flagellar axis changes faster than the characteristic bending time of the flagellar filament, as is the case for Uni-1. This phenomenon has an experimental analogue, as Son et al. showed that a V.
alginolyticus cell with a buckled hook also exhibits a curved flagellum [4] . Those authors point out that this instability enables a uniflagellar cell to reorient and thus better explore its environment.
We now consider the case "Uni- see no strong evidence of hook buckling, as θ 0 for Uni-2 oscillates at a small value (red line in Fig. 3(b) ), though the amplitude does grow at a slow rate. Without hook buckling and reorientation, the flagellum stays behind the cell. The distorted flagellar helix is comparable to the simulations of buckled helices with a fixed torque direction reported in [6, 17] , but this particular buckling behavior is, to our knowledge, not seen in nature because unlike hook buckling, pure flagellar buckling impedes swimming without any auxiliary benefits.
The final uniflagellar case we consider is "Uni-3", where Fl = 4.7 and Fl h = 2.3, with both flexibilities much higher than those in Uni-SS. Here the cell is in what we call the "contortion" regime, denoted by red triangles in the Fig. 2(a) . Also from the Uni-3 snapshot in Fig. 2(b)(iv) , we see that the flagellum is not only buckled, but it has contorted itself around the cell body, hence the name of this regime. This reorientation is possible due to the significant hook buckling -the green line in Fig. 3(b) shows an average θ 0 close to 1. We note that steric forces prevent the flagellum from folding completely onto itself or passing through the body. The transition from the equilibrium state to the contorted state happens rather quickly. As we see from the green trajectory in Fig. 3(a) , the body stops moving before 5 time units have elapsed without having translated even a full body length, and we see no significant translation beyond that mark. Normal swimmers are not known to exhibit this phenomenon when pushing, though experiments do show flagellar coiling around a cell body during a push-to-pull transition [7] .
To summarize, we find uniflagellar straight swimming to be stable in a narrow region of flexibility parameter space, and we see buckled hooks and flagella along with stalled swimming trajectories outside the stability region.
B. Biflagellar swimming
We now examine how the addition of a second flagellum changes the stability of straight swimming, i.e. we ask how Fig. 2(a) changes. To model a general biflagellar swimmer, we place two flagellar anchor points on the surface separated by an angle ϕ:
We present the biflagellar results in two parts. In the first part, we choose a single configuration, ϕ = 1.22, and recreate the phase diagram in Fl − Fl h parameter space as shown in Fig.   2 . We analyze specific trajectories by sampling the same points in parameter space as the Uni-cases. Then in the second part of our discussion, for each of the flexibilities used in the
Uni-cases, we analyze swimming behavior as a function of ϕ to explore how configuration affects stability.
Comparisons with Uni simulations for ϕ = 1.22
The parameter space stability and select trajectory snapshots are shown in Fig. 4 . Comparison with Fig. 2 (a) reveals a dramatic expansion, by about an order of magnitude in Fl h , of the regime of straight swimming with the change from uni-to biflagellarity. We also see For this chosen ϕ, the anchor points are separated by a substantial distance, about 4.4R, meaning the flagella form only a loose bundle, but this is sufficient for straight swimming.
We note that the body speed for Bi-1 is not much faster than Uni-SS, despite the presence of two flagella -we will discuss this effect in detail later. The stability we see for Bi-1 is consistent with experiment, as we noted earlier that multiflagellar bacteria can have much weaker hooks than uniflagellar ones and yet still swim straight.
We now revisit the parameter set (Fl, Fl h ) = (5.0, 0.62) in case "Bi-2." We see from Figs.
4 and 5(a) that the Bi-2 swimming trajectory is also straight, and in fact tracks very closely with the Bi-1 trajectory. The only noticeable differences between Bi-1 and Bi-2 are the steady state helix conformation (4 turns vs 5 turns) and the time-averaged bending angles (slightly higher for Bi-1). We contrast this to the Uni-2 trajectory, where the flagellum buckles and the trajectory stalls. We thus determine that adding a second flagellum here stabilizes even weak flagellar filaments to allow for consistent swimming at higher flexibilities.
Lastly we revisit the parameters (Fl, Fl h ) = (4.7, 2.3) in case "Bi-3". Recall in case Uni-3
with the same flexibilities, we observed flagellar contortion around the cell body, and we point to the very buckled flagella in the Bi-3 snapshot in Fig. 4 to show that a similiar phenomenon develops here. However, we from the Bi-3 trajectory in Fig. 5 (a) (green line), that the swimmer's path remains linear for about ten time units, double that for Uni-3. and we do observe that the swimmer translates about two body lengths linearly before the flagella fully buckle and the trajectory stalls.
Effects of ϕ
In the above discussion of biflagellar swimmer stability and dynamics, we fixed ϕ and varied the flexibilities. Here we do the reverse. For the four cases studied in depth in the uniflagellar case, we fix the mechanical parameters (Fl, Fl h ) and simulate a biflagellar swimmer with ϕ ranging from 0.1 to π to test the robustness of straight swimming against ϕ.
Lower values of ϕ model a bacterium whose flagella share a common pit and higher values are more representative of a peritrichous bacterium. (Bacteria with even more flagella are addressed below). Biϕ-0 uses the same flexibilities as Uni-SS, Fl = 2.5 and Fl h = 0.2, and thus we expect the biflagellar swimmer to be quite stable. Fig. 6 (a) shows this to be the case from ϕ near zero up until a value of about 2.5 radians, where the speed starts to decrease and the swimming configuration exhibits more variation (Fig. 6(b) ). At that point, the flagella are too far apart to come together into a bundle. As a result, each flagellum attempts to propel the body on a separate path rather than cooperatively as we saw in Bi-1 and Bi-2, leading to unpredictable swimming behavior and configuration.
Cases Biϕ-1 and Biϕ-2 use flexibilities that produce buckled flagella in the uniflagellar swimmer. However, from As ϕ → π, the flagella are too far apart to interact and bundle, as we show for ϕ = 2.5 in Fig. 6(c) (ii). The difference here compared to Biϕ-0 is that flagella individually buckle at higher flexibilities, leading to no propulsion. Though it is not obvious from the snapshots in 
C. Further aspects of multiflagellarity
This section contains two brief examinations of other issues regarding bacterial multiflagellarity: the effect of multiflagellarity on swimming speed, and the bundling process in a simple model of a peritrichous bacterium with several randomly located flagellar motors.
Multiflagellar bundles and swimming speed
For this study, we arrange equally-spaced flagellar motors around a small circle on the body surface, where ϕ max = 0.52 for two flagella. This angle is small so the flagella readily form bundles. The flexibilities are F l = 2.5 and Fl h = 0.2 so that uniflagellar swimming is stable. We see from the snapshots in Fig. 7(b) that the tri-polar and quad-polar flagella interact in a rather tight bundle and the trajectories are straight. Fig. 7(a) shows the translational and rotational speeds (relative to Uni-SS) as a function of the number of flagella. We note that the swimming speed does not increase proportionally with the number of flagella, and in fact levels off rather quickly. However, the body rotation rate does increase almost linearly with the number of flagella. These results are closely consistent with experimental data from Darnton et al. [9] . Hydrodynamic interactions do not explain this trend, as our simulations with the effect turned off, also shown in Fig. 7(a) , produce very similar relative speeds. Rather, with a simple model, we can show that the relative speed levels off because the presence of more flagella adds drag to the overall swimmer.
We follow the toy models presented by Nguyen et al. in Ref. [11] (linked rigid swimmers with no force-torque coupling, hydrodynamics, or sterics), and consider only 1D motion.
Suppose we have N independent flagella connected to the body. Each flagellum exerts a force −F p on the fluid, which in turn exerts a force +F p on the swimmer. To write the force balance on the entire swimmer, we assume the swimmer moves with constant speed v N b and balance the total propulsion with the total drag (from body and N flagella):
where ζ f is the translational drag on a flagellum moving along its axis. Solving for v 
Estimating ζ f for our standard flagellum from RFT, the prediction from Eq. 29 shown by the blue line in Fig. 7 (a) matches our simulation data quite well. We recognize in Eq. surface, and yet still bundle during forward pushing runs. To model this situation we consider a bacterium with four flagella, first in the case where the motors are located on the body at the corners of an inscribed regular tetrahedron, and then the case of randomly-chosen positions on the body. Because the flagella are anchored so far apart on the body, we found that for these cases the flagellar parameters used in previous sections did not give robust bundling. Based on the observations of Vogel and Stark [17] that increasing flagellar pitch increases its effective flexibility, the results described below are for flagella with twice the pitch of those above: i.e. λ = 4.0. Flexibility numbers were fixed at Fl = 2.5 and Fl h = 1.
We initially run simulations at higher pitch for uni-, bi-, and triflagellar swimmer all using the regular tetrahedral anchor points. With the trajectory data in Fig. 8(b) , we confirm that the uniflagellar case is unstable, but the bi-and triflagellar cases are stable. With this in mind, we continue to results for the full four-flagella swimmer.
Snapshots of a simulation with the regular-tetrahedral arrangement are shown in show straight swimming after an initial bundling process, and in fact the average is quite linear over the last 10 time units. For the two cases shown whose trajectories do not become linear, we observe three initially nearby flagella preferentially form an unstable bundle, while the fourth is excluded and does not contribute much to locomotion, as shown in Fig 10(b-c) .
However, we emphasize that overall, our data show that bundling and straight swimming is indeed robust against randomness, as we expect since the average net flagellar separation is smaller compared to the regular tetrahedron and should lead to easier bundling. More importantly, we have again shown that the presence of multiple flagella can stabilize against elastic buckling to produce better locomotion.
V. CONCLUSIONS
We have developed a model swimmer with a rigid body and one or more elastic flagella. We characterize the stability of straight swimming in the parameter space of hook and flagellar flexibilities. In the uniflagellar case, straight swimming is stable only for a small range of low flexibilities. Modest increases in Fl h lead to buckling of the hook and/or flagellum, and combined with higher Fl produce contortion of the flagellum around the cell body.
For the biflagellar swimmer, we see a dramatic increase in the stability regime of straight swimming (an order of magnitude in Fl h ). We note that flagella form loose bundles with modest curvature in hooks and flagella that are sufficient for straight swimming at much higher flexibilities, though elastic buckling may still occur at the highest flexibilities. By changing the separation angle in the biflagellar swimmer, we show that a tight bundle can possibly behave as one unstable flagellum, while distant flagella will not interact in any meaningful way to produce locomotion. We do note that there is an intermediate separation that shows robustness to flagellar arrangement.
We also examine the effects of even more flagella on locomotion. We find the swimming speed does not increase linearly with the number of flagella and present a simple theory whose predictions closely match the observations. To further study the effects of flagellar placement, we test a swimmer with four flagella at maximum separation, finding that given a point in parameter space that produces straight swimming, bundling and swimming are indeed robust against flagellar placement, and we once again observe the stabilizing effects of multiple flagella.
The work shown here offers insight into the biology and function of natural bacterial swimmers, and our results may contribute to the design of artificial swimming devices.
Note that S is the Stokeslet used in Eq. 12 to get the body flow field. We also define the rotlet tensor R:
where [·] × denotes the cross product operator written in matrix form.
Appendix B: Steric interactions
The methodology described in this Appendix closely follows the work in Ref. [16] . Accounting for every possible interaction among all components (body and flagellar nodes), we write the total steric force on the body and each flagellar node as:
where the general notation f p,q denotes the steric force on component p due to contact with q. If we let r s be the vector connecting closest points of contact (magnitude r s and direction r s ), we obtain the general force equation from the potential energy (Eq. 20):
We know describe calculation of r s for all interactions.
First we resolve body-flagellum interactions. For the ith flagellar edge, we find the point x * i,b on that edge closest to the body center x b using a projection:
Here the truncation function F ensures that x * i,b is on edge i. If r s = |x * i,b − x b | < σ, we apply equal and opposite repulsive forces f 
where h i,b = |x * i,b − x i |. For the same flagellar edge i, we must also calculate the closest contact with every other If we let C be the vector of all constraint equations, we find that y † (t n+1 ) does not generally satisfy C = 0, and hence we require further projection to correct this result. Starting with our force balance (Eq. 6), we write constraint forces as −∇C T · Λ (Λ := vector of Lagrange multipliers) and adapt the derivation presented in Ref. [24] where constraints are evaluated at t n+1 . We present our projection equations below: We then use v i to evolve the triads on each flagellar edge. Following the formulation in [13] , we account for torques along the bond direction e 
where we have set all other torques to zero, as discussed previously.
Appendix D: Comparisons against resistive force theory
To validate our present formulation, we compare low-flexibility uniflagellar simulations using various flagellar geometries to our previous analytical predictions for swimmers with a rigid flagellum in Ref. [11] using resistive force theory. The propulsive forces on the body along the swimming direction, F x , are summarized in Fig. 11 . Our current model results generally follow the same qualitative trend as the RFT calculations, with particularly good quantitative agreement for a few geometries. The moderate quantitative differences arising in all other cases is due to the inclusion of hydrodynamic interactions and elasticity in the current model. For the shorter flagella we test, end effects seem to play a large role, as evidenced by red triangles in Fig. 11(a) . In Fig. 11(a) , F x → 0 when λ/R → 0 or λ/R → ∞ as we expect because the flagellum becomes a ring or line, with neither capable of overcoming kinematic reversibility to generate thrust. In Fig. 11(b) . F x → ∞ as L/λ → 0 because the drag vanishes faster than thrust. On the opposite end, F x → 0 as L/λ → ∞ because there is too much drag on the flagellum. 
where ω N b is the body rotation speed, and we write Eq. E2 ∀ j with ω N j denoting the axial rotational speed, ζ f,r the axial rotation friction, and ψ f the helical force-torque coupling.
From Eq. E1 we can immediately write: 
We then solve the remaining linear system of equations for v 
